Using the least action principle, the existence of periodic solutions for some nonautonomous second order Hamiltonian systems is obtained. Using minimax methods, the multiplicity of periodic solutions is obtained. Our results extend some previous results.
Introduction and main results

Consider the nonautonomous second order Hamiltonian systems ü(t) = ∇F(t, u(t)), a.e. t ∈ [, T], u() -u(T) =u() -u(T) = , (.)
where the constant T > , the function F(t, x) = F  (t, x) + F  (t, x), and functions F  , F  ∈ C  (R × R n , R) with conditions that F  (t + T, x) = F  (t, x) and F  (t + T, x) = F  (t, 
F t, u(t) -F(t, ) dt, ∀u ∈ H
It is well known that the solution of problem (.) corresponds to the critical point of ϕ.
As is well known, in much literature one has studied the existence of periodic solutions for problem (.) with many solvable conditions via a variational principle, such as the coercive condition in [] and [] , the bi-even subquadratic potential condition in [] , the γ -quasisubadditive potential condition in [] , the bounded sublinear gradient condition in [] , the bounded linear gradient condition in [] and [] , and other conditions in [-] , etc. To the best of the authors' knowledge, [] first studied problem (.) with F(t, x) having the decomposition form F(t, x) = F  (t, x) + F  (t, x), where F  is a subconvex function and F  satisfies
Afterward, [] generalized the corresponding result with α =  (see [] , Theorem ).
In this paper, we obtain two new existence results (Theorem . and .) improving the corresponding results in [, , ] without coercive condition.
A function G : R n → R is said to be (λ, μ)-subconvex for some λ, μ > , if
For our convenience, define two sets G and H as follows:
where
is measurable in variable t for every x ∈ R n , continuous in variable x for a.e. 
where 
Proof of theorems
For every u ∈ H  T , setũ(t) = u(t) -ū with u =  T T  u(t) dt. Page  of [] tells us that ũ  ∞ ≤ T  T  u(t)  dt (Sobolev's inequality). Reference [] tells us that u = (|ū|  + u  L  )   is equivalent to the norm u H  T .
The least action principle (see []) If ϕ is weakly lower semicontinuous on a reflexive
Banach space X and has a bounded minimizing sequence, then ϕ has a minimum on X.
Remark . If the functional ϕ is coercive, that is, ϕ(u) → +∞ as u → +∞, then we have a bounded minimizing sequence {ϕ(u m )} such that ϕ(u m ) → inf ϕ < +∞. In fact, for any minimizing sequence {ϕ(u m )}, if {u m } is unbounded, then ϕ to be coercive implies that ϕ(u m ) → +∞, which is a contradiction. 
Remark . Under the assumption that F
Assume also that ϕ is bounded below and inf X ϕ < . Then ϕ has at least two nonzero critical points.
Proof of Theorem . By condition (G  ), we see that
where a  = max ≤|x|≤M a(|x|). Then by (H), one has
From (.), (H), and Sobolev's inequality, one has
, and Sobolev's inequality, we have
where constants M i > , i = , , , , . Using (.) and (.), one has
imply that ϕ(u) → +∞. If u → +∞ with |ū| → +∞, using (.), we have
, one has ϕ(u) → +∞. So we have ϕ(u) → +∞ as u → +∞. According to the least action principle and Remark . and Remark ., we complete our proof.
Proof of Theorem . (H * ) still implies that (.) holds. Similarly to (.), from (.) and
Sobolev's inequality, we have
where constant M  > . Using (H) and Sobolev's inequality, we have
where constant M  > .
From (.) and (.), we know that
By (.), (H), and (H), and
So one has ϕ(u) → +∞ as u → +∞. According to the least action principle and Remark . and Remark ., we complete our proof.
Proof of Theorem . (Theorem .) The idea comes from [].
Step . We claim that functional ϕ satisfies the (PS) condition. In fact, suppose a sequence {u m } is a (PS) sequence, that is, {ϕ(u m )} is bounded and ϕ (u m ) →  as m → +∞, then the proof of Theorem . (or Theorem .) tells us that ϕ is coercive, which implies that {u m } is bounded. Hence, there exists a subsequence of {u m }, still denoted by {u m }, such that u m u in H  T . By Sobolev's embedding theorem, we have
Hence ϕ satisfies the (PS) condition.
Step . We check that (.) holds.
A simple calculation tells us
By the Sobolev embedding theorem, there exists a constant
It follows from the condition (H) that
In the same way, we obtain
Case . If inf X ϕ < , by Lemma ., then we see that ϕ has at least two nonzero critical points.
Case
. Therefore, ϕ has infinite many critical points.
We complete our proof.
Examples
where r(t) = (sin(πt), , . . . , ). We can check that
, then assumption (H) holds. Obviously, |∇F  (t, x)| ≤  ln( + |x|  ) +  holds for all x ∈ R n and t ∈ R. If we choose h(s) = ln( + s  ), f (t) ≡ , and g(t) ≡ , then assumption (H) holds.
We also obtain lim |x|→+∞ 
